SUPPLEMENTARY INFO FOR:

A Critical Review of the two-temperature theory and the derivation
of matrix elements. High field lon mobility and energy calculation
for all-atom structures in light gases using a 4-6-12 potential.



1. Introduction
This supplementary information includes.
a) The derivation of the collisional term for the calculation of moments of the Boltzmann equation.
b) The derivation of the recursive relation for the different moments of the Boltzmann equation.
c) Calculation of several matrix elements up to the third approximation.

d) Aisbett’s Formula for the calculation of the matrix elements.

S.1 The derivation of the collisional term for the calculation of moments of the
Boltzmann equation.

Given egs. (1b) and (2) of the manuscript (repeated here):
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one would like to arrive to egs. (3-4). Since the gas velocity distribution is unchanged, f' = f and
replacing ¥, a,, ¢, with &, one arrives at:
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To find the moments of the equation, we multiply both sides by a function of the ion’s velocity lpl(fn) and
integrate over all possible velocities z;:
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For simplicity, one can drop the indices in 1/)1(;3 Thus,
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Integrating by parts on LHS, and assuming that the linear operator J is symmetric, i.e., (i, J®) =
(J®,) on RHS (where (a, b) represents the inner product):
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withz; = z; = w,
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The symmetry condition has been proven to be unnecessary to arrive at the final equation used.

S.2 The derivation of the recursive relation for the different moments of the
Boltzmann equation.

Given the recursive eq. (11)
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From eq. (3) using eq. (8) and recursive relations of the polynomials (10a-d):
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From the left-hand side of eq. (3) we need to calculate the derivative of wl(fn) with respecttow = z;.
Using the chain rule, one arrives at:

l
oy’ a(az?)?

aZl aZl

21\ ¢0) (4,2 2y 9 p (1) g0 (4,2 2y5p (1) 0 6 (a2
P, (Z)SH_%(AZ )+ (47725 P, (Z)SH%(AZ ) + (Az )2Pl( )621 s _(A )
With A = % and z2 = zZ + z7 + z3. Let’s calculate each of the three derivatives separately first. The
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derivatives for the Legendre and Sonine Polynomials follow the recursive equations (10a-b) but in order
to do so, one has to modify the derivatives.
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Substituting the derivatives in the equation above:
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Using the recursive relations egs. (10c-d):
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And canceling terms and simplifying:
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Substituting into eq. (3) yields:
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And rearranging:
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S.3 Calculation of Matrix elements.

Calculation of am (0)

Given that l/)(l) — z2 (%) ; Z=(21=Ww,2,,23)
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Integrating over the center of mass velocities yields:
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Integrating € from 0 to 2m:
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Rearranging:
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Where the § that multiplies the second term in brackets comes from eq. (42 ). Integrating in the angles of
velocity,
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Using eq. (41), one arrives at:
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It yields:

4  (2kT . .
a20(0) = —eﬂ< H;”)n(m(nff) [6f (eZ+ f*)C" + 4e, 24" — 5fd’

Due to the fact that for a Maxwell potential C* = 5/6, one can reorder the equations to give:
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Calculation of ay4(1)
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Integrating over the center of mass velocities yields:
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Using eq. (42):
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And integrating over the angles:
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Integrating over the center of mass velocities yields:
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Integrating € from 0 to 2m:
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Using eq. (42):
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Using previously known relations and integrating over the angles of velocity:
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Using CCS and simplifying:
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2kT,zf
Um

1
4 (0) = S, < )E QDT ) [f(6C" - 5) +2(1 - ¢,)]
And hence:

a;1(0) = g[f(6C* -5 +2(1-¢,)]
Calculation of a49(1)

Given that 1/J§1) =2z (L)l/z [5 - M—ZZ] ) 1(0) =2 (L)l/z Z= (21 =Ww,23,23)

2kTp 2 2kTp 2kTp
@+ Ds!T(3)
3 |l=1,s=0 =2
r (l + s+ 7)

1(0)(W + d!j) [ il)(W +e,d +f!7) - ¢1(1)(W +e.d’ +f§)] =...too long

Integrating over the center of mass velocities yields:



3

a;o(1) =2 (27rkT E SohT fff 2’<Teff ZEkT)

><4sz2 [—eumMg (92 — 9190 — F2mM (g% (g2 — 9191) + 293(9° — G- §)) — 2fkMT(g* — § - §' + 29 — g191)) +
M (=2fm(g*g? — 9191 - §)) — 2kT (g% — 917)) — Sk(dMT — mT,)(g? — g:91)| gbdbdedg

Integrating € from 0O to 2m:

a10(1) = Z% (ZkT ) [ fe ( (ﬁ%z)

X le —efmMg3g?(1 — cos(x)) — 3f*mMg3g%(1 — cos(x)) — 2koT(g3(1 —cos(y)) +2g2g(1 — cos()())) +
" ( 2fmg3g?(1 — cos?(x)) — kT (3g% — g*>)g(1 - coszo())) — 5k(dMT — mTy)g?g(1 — cos()())] 2mbdbd g

Note that the term (gf - g{z) has to be carefully integrated using egs. (45-48). Using eq. (42):

a;p(1) = e#% < Md >§f e(_(z"#—eﬁ)gz)

drs \2KT,

md Md 8 Md
X [—26’5 2KT, g°91QW(g) - 6f* mg%fQ“)(g) - me—Tb(fQ“)(g) +2g290D(9)) - 3T, 7°910@(9)

2 MTd dMT
S _ 2 _ 42 ) — A 2 (€] 7
34T, (Bgi — 9290 (g) — 54 (me 1) g194Q (g)] dg

Using previously known relations and integrating over the angles of velocity:
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Where the integration of the (3g7 — g*) over 6, becomes 0. Using CCS and simplifying:
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Integrating over the angles of velocity:
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Integrating over the center of mass velocities yields:
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Integrating over the center of mass velocities, epsilon, and the angles of velocity yields:
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Hence:
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WP (W +dg) [0 (W + e,3 + £9) — WO (W + e,g" + £5)| =
euM(gl—g{)(dgl+W1)(d4M292+35k2sz+4d3M2g2§-v7—14kMT,,W2+M2W4+4dM§-W(MW2—7kT,,)+2d2M(MgZW2—7g2ka+2M(§-VT/’)(§-W))
16Kk3T3

Integrating over the center of mass velocities and over epsilon yields:

5
b (i )
aOZ(l) =—¢ <—> f J- e\ \2kTerr
357_[% ° ZkTeff mszsz

x [d2M?(d%g?m? + 14dg?kmT + 35k?T?) — 14dkmMT,(dg?m + 5kT) + 35m?k2T21g%?(1 — cos(x))g2nbdbd g

Integrating over the velocity angles and arranging:
8
ag,(1) =——e ( ) ff ZkTEff
Losgs | \2KTesy
2 2
x|d2g* (29)° + 14dg? (20) (422) 4 35 (2¢) _14<dgz (g_yb)+5(md))+3s]g (1 - cos(0))2nbdbdg

mTp mTy

Using the CCS relations

1
8 2kTerr\2 Q3 Q2 Q2
_ (1,1) 2 Q2 _ 2 _
a2 (1) = 1oz e ( L) 00D[480% s+ 844(1 — ) iy + 3501 — )7 — 84d s — 70(1 — ) + 35]

Simplifying, rearranging and using the common relations:

1
8d?  (2kT,rr\2
ayp,(1) = ———e (—eff> QAD[3(4B* — 5) + 4(6C* — 5)]

105 #\ pum
Hence:
2
a5 (1) = — 752 ——[3(4B* — 5) + 4(6C* — 5)]
Calculation of a41(1)
i @ _ (M \YE[s_mMz2] 0 L _
Giveny ™ = z; (Zka) [2 2ka] , 2= (21 =W,2y,23)

(21 + 1)s!r(%)

F(l+s+%)

l=1,S=1 5



— R — R R — o R M(dg,+Wy)(Md2g2+MW2+2Mdg-W ,
PO (W +dg) [pP (W +e,d +15) —p V(W + 0,5 + £3)] = 2o e Lif2m (g2(g, - g0) +

20:(g% - G- §)) + e,*M (g%(g1 — 91) — SkTy (g1 — g3) + MW? (g1 — g1) + 2MW,W - (§ — §') + e,M(2f (g%g: — § -
§'90)+20:G-W - 291G - W) +2fM (29:(§- W — §' - W) + g°W, — gi(§ - W))|
Integrating over the center of mass velocities, over epsilon and over the angles in velocity yields:

5
4 V([ o rg)e)
all(l) =——¢ <—> J‘ fe 2KTefy -
157f% # ZkTeff mzszbZ

o () et 377 2 (522 -1 ) 2 (25 5 2 (112 =50 (23 1 +

5) + 25+ [Zg4 (:—71:)2 euf +4g* (:TMb) (MT )e# +10g2 (—)—f<(M—Td) - 1)] 1+ cosQ())]gs(l — cos(x))2mbdbdg

d mTy

Using the CCS relations:

2 (1,2)
() =2 #(2":;”) Q0D [48(e,? + 3f2 )ﬂ(“)+6(1—d) (5d+22f+w)g(:) +501-d)? (11 +22) -
2 2 (1,2) (2,2) (2,2) (2,2)
6 (5 + XN YD 5001 — ) (14L) + 25 + (646, f T + 166, (1 — d) 2o 4 2290T (1 gy B0 20l 227y

Simplifying and rearranging:
a1 (1) = e, () Q0 [8e,a7 (F(BE" = 7) +2(1 - e,)) = 3(e, + 3F2) 4B = 5) + [5(e,? +3f2) - 5d2 +
22f(1 — d)](6C* —5) + 30 + 60f (1 — d) — 60d(1 — d) — 30d? + 10(e,? + 3f2)]
And hence:
a, (1) = %[Se”A* (F@E =7 +2(1-e,)) = 3(e,> +3f2)(4B" — 5) + [5(e,2 + 3f?) — 5d% + 22f(1 — d)](6C" - 5)
+10(3 - 6¢, + 4¢7)|

Calculation of a21(0)

O3 (M) @ 11 a0s_suty g
leen thatll) —Z 2KT) » %Yo - 2\ 2 + 4k2TbZ 2KT), y Z = (Zl - WPZZIZ?))

21 + 1)3!1"(%)

|l=0,=1=_
P

F(l+s+

— R — R R — . R M(f(g?-g-g")+Ww-(G-g"))(M(a?g?+w?+2d(G-W)
WO + )T + 6,3+ 13) ~ 0 + e, + £)] = = LU IO ETNOCG 020D (3 (3, 21 g6, (g2 +

g-g) +W-(§+§’)) +2(f2? + W2+ 2f§-W)> - 10ka)

Integrating over the center of mass velocities, over epsilon and over the angles in velocity yields:

5
2 u

a1 (0) = —ileﬂ (Ly f f e(_(ZkTeff)gz)%

3dnz ZkTeff mzszb

x [Sd>kM?T (f g?m + 2KT) + 3dfkmMT ((ef + ) g*M — 10KT, ) — 3fkm?T, (e} + £2)g*M — SKT;) +
d2M(M(f(e? + fDg*m? + 2(e? + 3f2)g*kmT + 25fk2T?) — 5kmT,(f g*m + 2kT)) + e,f g>mM (dM (df g?>m + 4dkT +
3fkT) — 3fkmT,)(1 + cos()())] g°(1 = cos(x))2nbdbdg

Rearranging:



a,(0) = — ( )ff ZkTEff
2 sdns | \2kTess

, o) ) @ (krb)(ﬁ—i‘j)f<2+f2>gz 0 (%) = 3(E) L ez + 17)g? — 157 +
() 7+ 190 +2 () () + 372067+ 25 ()" 1 =5 (i) ar? =10 () + et ((55) o +
4 (2) () g2+ 3 (2) (H22) Lg% — 3 (B2) 297 ) (1 + cos()| 9°(1 = cos)2mbibg

Using CCS expressions:

1
4 2kTof\2 @3 Q@2 £0e2 £0@2
- _ (1,1 [
az;(0) = 3deﬂ< s Q@D e, f 32fQ(11)+16(1 &) oam T 120 - 7 ay — 125 500

x [5 () (224 442 + 10

/\/\

. 12)
+48f (e, + fﬂ% + (121 - d)(e,2 +3f2) —18f(e,2 + f2) — 30d2f)% +10d(1 — d)?
—30(1 —d)f + 15f + 25(1 — d)2f — 10(1 — d)d]

Using the known ratio expressions:

4

1
7% <2kﬂT—nff>2 Q0D [4e, A" (F(8E" = 7) + 4(1 - e,)) — 3f (% + f2) (4B" - 5)

+2(d?(1 - d) - fd(2 = 3d + 11f) + f2(4 + 7/))(6C" = 5) + 10f(1 - 2¢,)]

a(0) = -

Hence:

a3, (0) = —:—d [4e#fA* (f(8E* -7 +4(1- eﬂ)) - 3f(e,2 + f?)(4B* —5)
+2(d?(1—d) — fd(2—3d + 11f) + f2(4 + 7f))(6C* — 5) + 10 (1 — ZeM)Z]
Calculation of a5, (0)

(@ _1(15  M?z* smz?\ o _ o _
leen thatll) (4 + 4k2TbZ Zka ’ Z = (Zl - WIZZPZ?))

(21 + 1)s!T (%)

F(l+s+%)

. . _ . . . F(g? ’ . .
¢£2)(W+dg)[lpgz)(w+e,lg+fg)—lpgz)(W+eu "+£4)] = whls(s 3g2i4)T:W(g ) (M(Ze”gz+2e”(f(g2+g-g)+W-(g+

§))+ 2(F2g" + W+ 2§ W)) = 10KT, ) (d*g*M? + 1SK*T + 4d*g?M* (- W) — 10KMT, W2 + MW" + 4dM (g - W) (MW? —

|l=0,s=2 = E

5KT,) + 2d2M (g?(MW? — SKT,) + 2M (W - g)))

Integrating over the center of mass velocities, over epsilon and over the angles in velocity yields:

5
N=—¢e, [—— eff
222(0) 154 %e‘* <2kTeff ¢



MTd Md\?
( ) g*(4de? + 5d>f + 102 + 12df? + 10f%) — (ﬁ) g*(Sd2f + 10e2f + 10f?)
Td

I<2”—T‘Z)3fdf<ez+f2>+<
i

) <20d2 + 20¢] + 94df + 1567 + 60f7 + 1572 )

2
§+60f2+30f2—) (ZITd) Zf<50d+15 “+15f—>

e
e

m’I’I: ) (140d+175f) - (IZI—M) (200d +325f) + (M ) (100d+2250) =751
M_Tb>3 °de,f* + (ka) (TnTT(:>94(8de,tf+10euf2)_ <]1:I_Tb) 9*(10e,f?)
(

()Y (e 0y -+ 156,2) - (210) (1) g7 s 5200, (22 z(lseﬂf;»(l

+ cos(x))| g°(1 — cos(x))2mbdbdg

) <20d2 +20e2 + 100df + 30¢?

+

!
(&
(

QT

+
—

Using the known relations for CCS:

1
4 2kT, 24 2 £2\ Q@3
a,,(0) = 1—53# (#—;ff> QD 3206#f ( 5] + 32 (8(1 d)euf + 106#_(1 d) — 10€ﬂ 7)@
4(8e,(1—d)?+4 fl d)? 15f21 d)? - fld I d
+ e,(1-d)*+ Oe“E( —d)* + eﬂﬁ( —d) ( ) — 306"d2( —-d)
£2 Q2 , Q4
+ 15e, dZ)Q(l 5 +480f(ei +f )Q(1 5
i f 2l 1of2) 2%

2
+6<(20d+207+94f+15e#%+607+15f2 f)(l—d)z

ef f 2 f f 7)) 2%
(20d+20 1 + 1001 + 30e? d2+60 P +30f (1—d)+|50f +15¢2 d2+15d

(140 + 175f) (1-d)2 - (200 + 325f) 1-d)?+ (100 + 225f ) 1-d4) - Z]

. . . o . 0@y
Using the well-known relations and D* = 0G0 and G* = CHL

1
4 2kT, 2
a,(0) = (—eff

o\ " ) 00D [4e,4" [8(1 - €,)” + 2f (4(1 — d) — 5F)(BE" — 7) + f2(80G" — 63)|
+15f(e2 + £2)(32D* — 21) + 3[5f(d? + 2¢2 + 2f2) — 4(1 — d)(e2 + 3f2)|(4B* — 5)
+ f144 — 128d — d? + (80 + 90d)f — 170£7](6C" — 5) + 40(1 —¢,) (1 - 2e,(1—¢,))]

Hence:

a},(0) = % [4e,4° [8(1 = €,)" +2f(4(1 — d) = 5/)(BE" = 7) + f2(80G" — 63)] + 15f(e7 + £?)(32D" — 21)
+3[5f(d? + 2¢2 + 2f2) — 4(1 — d)(e2 + 3f2)](4B* — 5)
+ f[44 — 128d — d? + (80 + 90d)f — 170f2](6C* — 5) + 40(1 — e,) (1 —2e,(1- eu))]

a;3(0) = i—f(s,f(szn* —21) +(6(e, — 1) +27f)(4B* = 5) + (8(e, — 1) — 27f)(6C" — 5))

Other elements:

Q@D



a;3(0) = :—Sd (—4A*eﬂ ((SE* —7)(8e,(e, +9F —2) +9f(11f — 8) + 8) + f(80G" — 63)(—4e, — 11f + 4) + f2(3201" — 231))
+6(4B° - 5) (e# (eu(19€, +81f — 19) +2f(63f — 22)) + f(Of (11f — 9) + 17))
—2(6C* —5)(e,(e,(57e, + 222f — 1) + 2f(189f + 88) — 84) + f(3f (176f — 81) — 68) + 28)
+10(32D° — 21)(e,(e,(3e, + 16f — 3) + 14f2) + (22f — 9)f?) — 15/ (128H" — 77)(e? +f2)>

a5o(0) = %(—BA*eu ((BE" = 7)f (e + ) — 14f%,) + 3(4B" = 5)(ef + £2)" +4(6C" = 5)(ef + [2)(7fe, + €f + f7) — 64f2F "¢}
- 140f7%¢?)

a3, (0) = ﬁ(—SA*eu ((8E* — 7 (eu(eu(8e,(e, + 14f — 2) + F(377f — 112) + 8) + 12(45f — 22)f2) + (9f(33f — 32) + 76)f?) —
f(80G" —63)(e,(e,(8e, + 25f —8) +30f2) + (33f — 16)f2) + 32(3201" — 231)(e2 + f2) — 112 (e, — 1)(3(e, — 1)e, + 1)) +
6(4B* —5) (eu (eu (eﬂ (eﬂ(38eﬂ +241f — 38) + 2f (271f — 80)) +4f(3f(60f — 23) + 13)) +8(81f — 38)f3) +

(27f(A1f - 10) + 68)f3) —4(6C" - 5) (e,(eu(eu(e. (57, + 372f — 1) + 5612 + 96f — 84) + 6f(f(96f + 85) — 8) + 28) +
4(f(243f + 152) — 140)£2) + (f(9f (88f — 45) — 136) + 84)f2) + 60(32D" — 21)(e? + £?)(e,(eu (e, + 7f — 1) + 12f2) +

(11f —5)f?) — 64fF"e? (—2f(10v* —9)(6e, + 11f — 6) + 24(e, — 1) + 3f2(40W" — 33)) — 45F(128H" = 77)(e2 + 2)" —

2801 (2(e, — 1)e, +1)(6(e, — 1)e, + 1))

a3;(0) = %(—BA"EH ((SE* -7) (23H (Ze”(eﬂ(zeeﬂ +261f —56) + f(762f — 377) + 28) + f(9f(209f — 180) + 320)) +
4f(3f(11f(13f — 18) +93) — 44)) + (3201 — 231)(38f3e, + 4fe?(3e, + 10f — 3) + 4(13f — 6)f*) — 2(80G" —

63) (e (eu(2e,(2e, + 25f — 4) + f(147f — 50) + 4) + (209f — 90)£?) + (11f(13f — 12) + 31)f2) — 7f2(640S" — 429) (e + f?) —
112(e, - 1)*(2(e, = 1)e, + 1)) +6(4B* — 5)(e, (e, (e (e, (338e, + 2001f — 482) + 4f(1215f — 542) + 216) +

2f(24f (143f — 90) + 409) — 72) + 2(9f (319f — 288) + 610)f2) + (3£ (55f (13f — 18) + 486) — 248)f %) + (6C* —

5) (eu (eu(93(32 —193f)e? + 48(f (187 — 835f) + 8)e, — 3232e3 + 2f (—30063f2 + 6912f + 2026) — 128) —

32f(F(6f(319f — 162) — 305) + 168)) + £(952 — f(3F(55£(169f — 192) + 2916) + 1984))) +10(32D* — 21) (eﬂ (eﬂ (eﬂ (e#(84e# +
499f — 84) + Bf(137f — 39)) + 6/ (2f (121f — 54) + 19)) +4(319f — 144)f3) + (55£(13f — 12) + 162)f?) —

15(128H" — 77)(e2 + £2) (e (eu(6€, + 41 — 6) + 58f2) + 5(13f — 6)£2) + 105 (256R" — 143)(e2 + f2)° —

64F"e? (3f2(40w* —33)(6e, + 13f — 6) — F(10V* — 9)(12¢,(2¢, + 11f — 4) + 11f(13f — 12) + 24) + 16(e, — 1)’ —

f3(560P" — 429)) —560(e, —1)(2(e, — 1)e, + 1)2)

Collision Cross Section Ratios

0n2) 02 n@3) @4 0@3)
A*=m, C*=m, B*=5C*—4m, D*=m, E*=m
Q@33 Q24 Q15 Q25)
F*=m, G*:W' H*=m, I*=m,
Q(1.6) Q2.6) Q@G6) QG4 QG5
R*=——= S =—— P =——= V= ——= w* =

Q@ 02’ 0BG3)’ 0BGB3)’ 0BG3Y



S.4 Aisbett’s Formula

The Aisbett’s formula is given by:

2 kb Teff 12 ” " = " P p. P
a,s() =2 BETEE chng(l 1P2, 03, P25, L, AV, L7, 7,8, 1) X ©r,(A7,pz) X dPs X (1 —d)P+ X fPs

e @' +p2~p3—Ps)

x ey

And the normalized a;¢(l).

1
a;‘S(l) =2 W Z CLong(A”: P2, D3, P4, D5, L, /L v, L”; ns, l) X (T)Teff(l”' pz) X dP3 X (1 - d)p4 X fps
[ T

e(/l"+pz—p3—ps)

X ey

Where a 2 factor has been added to the formula given by Viehland as a correction. This expression is a
complicated sum of different indexes as clarified below. The p; are given by:

(L+LH_/1H)
p2=k+ k" +V
L—L"=)\"
p3=k—k”—v”+—( )
2
pr=A+v+v
p5=L”+2k”

Where the different p; contain the different loop indexes. These are the loops, from the innermost to the
outermost given by:
0 <2< Min(l+2r,l+ 2s)
[A =1 <L < Min(l+ 21,1+ 25,1+ 1)

[-L—-2
OSv’Sr+¥
2
1< <2r=v)+1-2
A" =L <L <MinQr—2v'+1—-A1" +1)
, A-a-=L"=-2"
+ 2
(l-L-2)
2
(l-L-2)
2

0<sv'<r-—v
0<v<s+

0<k<s—-v+

l_l_Lll_All
Ry b ey )

0<k'"<r—v' -
r—v 5

The c,ong is a complicated expression that contains p; and summation indices.

3
CLong (A”' P2,P3,P4,Ps,» L,/l, v, L”r TS, l) = (_1)(l+p3—p4+p5—L—L”) s! (A” + b2 +1 )l r (l tr+ %) r (p4 + %) (F (% ) (21 +

D@L+1) @ + 1)L +1) ( (;’ L(;’ é)z (é 3 (l))2 (F (lu + pz—l’32_p5+3) l_,(/l"+pz+2113+L+3) F(p5+§”+3) F(p4 B




v ) T (a4 v+2) (s —v+ EE R (BHl)y (g -+

z+/1—/1”2—pz+p3)! (pS;L")! (Pz_ng—l’s)! (m_l—v)!) '

In this expression, the (Z 2 ;) are the ‘Three J Symbol’ functions.

The ®r,,, term is a function of ﬁTeff which can be written as (in this case the sums are directly shown)

!

— _ =2 2 +p3)
U)Teff(A"'Pz) = Z Csnort (A", 12) QT:ff ’

;=1

This term also includes the coefficient cgy,,, given by:

1+ (=17 < (D)4 (7 + k)
20+ 1) ) L 25 k! B = It 13t (kp — 1)t
2=r2

Csnore (A", 12) = (1

S.5 Programs

The authors have programs available to calculate matrix elements regularly and through Aisbett’s formula
for any matrix element. The calculation of all-atom ions at high fields using a 4-6-12 potential up to the
4™ approximation is available free of charge at www.imospedia.com.
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